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Impulse-Controlled Process: Intuitive Description

Example:

t t
Xt = Xp +/ /,L(Xs) d5+/ J(Xs)dWs+ Z Zk'
0 0

ki <t

Here (7, 2) = {(7«, Zx) : k € N} is an impulse policy satisfying
» each 74 is a stopping time;

P> each Zj is a measurable r.v. with respect to the information
available at time 7; and

» the sequence {7k} is non-decreasing.

Question: What is a precise model for such a process?



The Usual Approach
Robin (1978), Stettner (1983), Lepeltier and Marchal (1984), etc.

Define the countable product measurable space
. (o ¢] o . o o
a=J[u=][0 =QR7#=K7F
k=0 k=0 k=0 k=0

Intuition. Use component €, to determine the impulse-controlled
process X over the interval [Ty, Tkr1).

Question. What restrictions are imposed on the policy

(7,2) = {(7k, Zk) : k e N}?



The Usual Approach
Robin (1978), Stettner (1983), Lepeltier and Marchal (1984), etc.

Define the countable product measurable space
. (o ¢] o . o o
a=J[u=][0 =QR7#=K7F
k=0 k=0 k=0 k=0

Intuition. Use component €, to determine the impulse-controlled
process X over the interval [Ty, Tkr1).

Question. What restrictions are imposed on the policy

(7,2) = {(7k, Zk) : k e N}?

Each 7, must be a stopping time ... but with respect to which
filtration?



Different Filtrations for Different Interventions
» 7 must be a stopping time w.r.t. the filtration {]_-t(o)} with
FO = o(Xo(u):0<u< 1)

in which Xj is the coordinate process on €2g. The impulse Z; is
fﬁ?)—measurable.

> 7, must be a stopping time w.r.t. the filtration {]—"t(l)} where
FY = o(Xy(r+u):0<u<t)

with X7 being the coordinate process on Q. The impulse Z; is
fg)—measurable.

» In general, 7, must be a stopping time w.r.t. the filtration {]-'t(k_l)}
having

.ng_l) = J(Xk(Tk71+u) 0<u< t);

again, X, denotes the coordinate process on component Q. The
impulse Zj is required to be ]—"ﬁf_l)—measurable.



Impulse Control Model for Continuous Processes

Our Contribution

>
>

Q = Dg¢[0, 00).
All decisions are made relative to the natural filtration

generated by the coordinate process X.

The interventions have random effects; namely, each
intervention selects a distribution of the new location
following the impulse.

Identify a class of policies for which the controlled process is
Markov.

Determine a class of policies for which the controlled process
has independent (and identically distributed) cycles.



Model Fundamentals

> £, the state space (a complete separable metric space).
> Q:= D¢|[0,00), the space of cadlag functions.

» X:Q — D¢g[0,00), the coordinate process so X(t,w) = w(t)
forall t >0 and w € Q.

> F=o(X(t):t>0).
» {F:} is the natural filtration: F; := o(X(s),0 <s<t).
» {P,,x € &} is a family of probability measures on (2, F) so

that
(Qvf7 Xv {]:f}? {PX?X € S})

is a Markov family.

Standing Assumption
For each x€ &, Py has its support in Cg[0,00) C Q.



Model Fundamentals: Uncertain Impulse Mechanism

» Let (Z,3) be a measurable space representing the impulse
control decisions.

> Let Q = {Qy) : (y,2) € E x Z} be a given family of
probability measures on £ such that

for each I € B(£), the mapping
(v, 2) = Qy,2(I) is B(E) ® 3-measurable.



To Accommodate a Possible First Jump at Time O ...

» Every w € Dg[0, 00) is right continuous at 0
~» This precludes the possibility of an intervention occurring
at time 0.



To Accommodate a Possible First Jump at Time O ...

» Every w € Dg[0, 00) is right continuous at 0
~» This precludes the possibility of an intervention occurring
at time 0.

» We need to augment the space Dg[0, c0) so that it contains
the location from which the intervention occurs.

1.

2.

Set 2 = £ x Dg[0,00) and F = B(E) @ F.

Denote elements & € Q by & = (@(0—), % ().

Extend the coordinate process X on Dg[0, 00) to 2 by defining
X(0—, ) = ©(0—) while keeping X(s) = &(s) for s > 0.

Set F, = B(§) @ Fi, Fro = B(E) ® Fi_, for t > 0.

For each x € &£, extend the measure P, on (€, F) to a measure
P, on (€2, F) by putting full mass on the subset
{weQ:w0-)=x}.



To Accommodate a Possible First Jump at Time O ...

» Every w € Dg[0, 00) is right continuous at 0
~» This precludes the possibility of an intervention occurring
at time 0.

» We need to augment the space Dg[0, c0) so that it contains
the location from which the intervention occurs.

1.

2.

3.
4.

Set 2 = £ x Dg[0,00) and F = B(E) @ F.

Denote elements & € Q by & = (@(0—), % ().

Extend the coordinate process X on Dg[0, 00) to 2 by defining
X(0—, ) = ©(0—) while keeping X(s) = &(s) for s > 0.

Set F, = B(§) @ Fi, Fro = B(E) ® Fi_, for t > 0.

For each x € &£, extend the measure P, on (€, F) to a measure
P, on (€2, F) by putting full mass on the subset
{weQ:w0-)=x}.

> (S, F, X, {F:}, {Py: x € E}) is still a Markov family.



Nominal Impulse Policy

A nominal impulse policy (7, Z2) = {(7k, Zk) : k € N} is a sequence
of pairs defined on (£, ) in which:

> 71 is an {F;_}-stopping time and for k > 2, 7 is an
{F:_}-stopping time;

» for each k € N, on the set {7 < 00}, Tkr1 > T
> limy o0 Tk = 00;

» for each ke N, Zj is a Z-valued, ka_/S—measurabIe random
variable (Z; being F,,_/3-measurable).



The Existence Result

Theorem 1

Let (1, Z) be a nominal impulse policy. For each k € N, define the

pre-impulse location Yy = X(7x—) with the nominal impulse being

Zi on the set {Tx < co}. Set 1o = 0. Then there exists a family of

probability measures {}P’Ef’z) :x € EY on (0, F) under which the

coordinate process X satisfies the following properties:

(a) under P{? for each x € €, X(0—) = x a.s. and moreover, for
each k € N,

(i) Xis the fundamental Markov process on the interval [Tx_1,Tk);
(i) on the set {Tx < oo}, Q(v,,z,) is a regular conditional
distribution of X(7x) given F,,_,; and

(b) for each F € F, the mapping x ]P’E:’Z)(F) is universally
measurable.



Stationary Markov nominal impulse policy

A stationary Markov nominal impulse policy is a nominal impulse
policy (7, Z) = {(7«, Zk) : k € N} for which there exist measurable
functions o : Q — (0,00] and 3 : £ — Z such that:

(a) for each k> 1, 74 = Ty—1 + 0 060, _,; and on the event
{Tk—1 < o0}, for each u >0,

{Joekal >up C {0007’;(71 = u+0097k71+u};

(b) Zi = 3(X(m—))-



Stationary Markov nominal impulse policy

A stationary Markov nominal impulse policy is a nominal impulse
policy (7, Z) = {(7«, Zk) : k € N} for which there exist measurable
functions o : Q — (0,00] and 3 : £ — Z such that:

(a) for each k> 1, 74 = Ty—1 + 0 060, _,; and on the event
{Tk—1 < o0}, for each u >0,

{Joekal > up C {0007’;(71 = u+0097k71+u};

(b) Zi = 3(X(m—))-

Theorem 2
For a stationary Markov nominal impulse policy (1, Z),

(2, F, X, {Ft}, {IPS((T’Z) : x € E}) is a Markov family.



Policies with Independent Cycles

An independent-cycles nominal impulse policy is a nominal impulse

policy (7, Z) for which for each k € N:

(a) there exists a random time o such that 74 = 741 + o0 0
on the set {741 < oo}; and

Tk—1

(b) on the event {74 < oo}, the intervention (7, Z) is such that
Q(Y,(w), Zi(w)) does not depend on w.



Policies with Independent Cycles

An independent-cycles nominal impulse policy is a nominal impulse

policy (7, Z) for which for each k € N:

(a) there exists a random time oy such that 74 = 74_1 + 0k 060,
on the set {741 < oo}; and

(b) on the event {74 < oo}, the intervention (7, Z) is such that
Q(Y,(w), Zi(w)) does not depend on w.

Proposition 3

Let v € P(E), (,2) be an independent cycles nominal impulse
policy and let (2, F, IP’(VT’Z)) and X be the probability space and
coordinate process, respectively. Then the cycles

{X(t) : 7k < t < Tyy1} for k € Ny are independent.



An Example

> Let £ =R and fix y € R.

> Select the target location z > y to which the controlled process
aims to jump.

> Suppose supp(Qy.z)) = [y1,2], with y1 > y.
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Challenge: To define a nominal policy (7, Z) for every & € €2, not just
those with specific discontinuities.



An Example

> Let £ =R and fix y € R.

> Select the target location z > y to which the controlled process
aims to jump.

> Suppose supp(Qy.z)) = [y1,2], with y1 > y.

Challenge: To define a nominal policy (7, Z) for every & € €2, not just
those with specific discontinuities.

> Z(0) =2z VkeN,weQ.
> (D) :=inf{t>0:0(t—) < y,&(s) > yfor 0 <s< t} =:o(D).
> for k € N, define 7y41(20) = oo if @(7k) € [y1,2]; otherwise, define

T (@) = Inf{t > 7() : 5(t=) = y,0(s) > y, Vs € [r(), 1)}
— (@) + 7 0 0, ().



Ergodic Inventory Control with Random Effects

Formulation: The Inventory Process

» The inventory process (in the absence of orders):
dXo(t) = p(Xo(t))dt+o(Xo(t))dW(t), X(0) = xo € Z = (a, b),

where —oco < a < b < +00.



Ergodic Inventory Control with Random Effects

Formulation: The Inventory Process

» The inventory process (in the absence of orders):
dXo(t) = p(Xo(t))dt+o(Xo(t))dW(t), X(0) = xo € Z = (a, b),

where —oco < a < b < +00.
» demands tend to reduce the inventory ~~ ais an attracting
point:
P{mar <7} >0, Va<x<r<b.
a may be a regular (reflective or sticky), exit, or natural
boundary point.

P reasonable restrictions on “returns”: the inventory level can
never reach b in finite time ~~ b is a non-attracting point:

P <7} =0, Va<r<x<b.

b may be an entrance or natural point.



> Let R = {(y,2) € £2: y < z}, where y denotes the pre-order
and z the nominal post-order inventory levels, resp.



Formulation: Uncertain Impulse Mechanism

Let @ ={Q(-;y,2) : (y,2) € R} denote the collection of
probability measures so that

(i) for each (y,2) € R, Q(-;y,2) € P(&);
(ii) for each I' € B(E), the mapping

(v, 2) — Q(T;y,z) is B(R)-measurable.



Formulation: Uncertain Impulse Mechanism

Let @ ={Q(-;y,2) : (y,2) € R} denote the collection of
probability measures so that

(i) for each (y,2) € R, Q(-;y,2) € P(&);
(ii) for each I' € B(E), the mapping

(v, 2) — Q(T;y,z) is B(R)-measurable.

Examples:

L Q(y,2) =015()
Q(-;y,2) = 05 (-) + (1 — 0)Unif(y, 2), 6 € (0,1).
Q(;y,2) = Unif((1 — (2/kY)y + (2/ kY z, 2).

BN



Formulation: Admissible Policies

> A= {(r,2) = (1k, Zk), k=1,2,...}, in which
» {74} is a strictly increasing sequence of {F;_}-stopping times
with limy_ o 7« = 00,

> Z, € & is {F,,_}-measurable with Z, > X(7x—).

» For models in which a is a reflecting boundary point, the class
Ay C A consists of those policies (7, Y) for which

. 1 .
Jim ¢ B[L(0)] = 0.

where L, denotes the local time of X at a.

Remarks:
» 7, is the nominal “order-to” location.

» The actual post-jump location X(7) is determined by
Q(; X(mx—), Zk) € P(€) and may be different from Zj.



Long-term Average Cost

» ¢y :Z — RT: holding/back-order cost rate.
» ¢ : R — RT: ordering cost function.
» dki > 0 s.t. ¢; > ky; thus kq is the fixed cost for each order.

Long-term Average Cost:

J(7, 2) = lim sup%LIEXO [/Otco(X(s))ds

t—00

+ Z I{TkSt}Cl(X(Tk_), X(Tk)) .
k=1



The (s, S) Policy

Ty

Questions: Does an optimal policy exist? Is the (s, S)-policy
optimal? How to find an optimal (s, S) policy?



The Strategy

1. First examine the inventory process under the (s, S)-policy
with s=yand S=z
» The cost of such a policy is given by a nonlinear function

HO(yv z),y< Z.
> An optimal (s, S.)-policy exists under certain conditions.



The Strategy

1. First examine the inventory process under the (s, S)-policy
with s=yand S=z
» The cost of such a policy is given by a nonlinear function
Ho(y, 2),y < z
> An optimal (s, S.)-policy exists under certain conditions.
2. Then we establish optimality of the (s, S.) ordering policy in
the general class of admissible policies via weak convergence.



The Inventory Process under the (s, S)-Policy

» The process X has a unique stationary distribution; and the
long-run frequency of orders can be found.

» Then, the cost of such a policy (s =y, S = z) is given by

(v:2) + Baoly.2)
B((y, 2)

Srv)=2 1)

where
x rb X
go(x) ::2/ / co(v)dM(v)dS(u), ((x) ::2/ Mlu, b)dS(u),

and xg € Z is the initial inventory.

For any fand (y,z) € R,

Bily. 2) = flz) — ). 1.9~ [ M )Quya),



Nonlinear Optimization of Hy
» Define

cly, z + Bgo .z
Ho(y.2) — 1(y,2) + Bgo(y, 2)

V(y, z) € R.

B((y, 2)

(b, b)




Nonlinear Optimization and Optimal (s, S) Policy

Under certain conditions:
» Hp is lower semicontinuous on compact subsets of R.
» There exists a pair ()5, z5) € R such that

Ho(ys, 25) = Hy := inf{Ho(y, z):(y,2) € ﬁ} (2)
» The (¥}, z;)-policy is optimal in the class of all (s, S) ordering

policies
Ho = Ho(yo, 20) = A", Z°).

Remark: If Hy = 0, then there is no optimal policy.



Expected Occupation and Ordering Measures

Define for t > 0

1
/LOJ(FO) = ?E 5 ro € B(g),

/t Ir,(X(s)) ds
0

(3)

1 o
() = B [Z lir <ty I (X(76=), Zk) | T2 € B(R).

k=1

If ais a reflecting boundary, define the average expected local time
measure fi2 ¢

#2,t({3}) = %E[La(t)]’ t>0,

in which L, denotes the local time of X at a.



J(7, Z) := limsup 11@[ /0 t o(X(s)) ds+ Y I <epcr(X(me—), X(7))

t—o0 k=1

= lim sup/co(x)uo7t(dx) + /El(y, z)v1¢(dy x dz).

t—00



The Auxiliary Function Uy and its Approximation U,

Define
Uo(x) = go(x) — Hp¢(x), x€ €.

> Up € C(£)N C3(Z) is a solution of the system

Aflx) + co(x) — H§ =0, xel,
Bfly, z) +1(y, 2) > 0, (v,2) R
fixo) =0,

BA(ys, 25) + (¥4, 25) = 0.



The Auxiliary Function Uy and its Approximation U,

Define
Uo(x) = go(x) — Hp(x), x€ €.

> Up € C(£)N C3(Z) is a solution of the system

Aflx) + co(x) — H§ =0, xel,
Bf(y,z)—{—ﬁ(y,z)ZO, (yvz)eﬁ
f(XO):Ov

Bflys. z) + 1(v5, 2) = 0.
Define for n € N

Uo(x)

Un(X) = 1+ %h(Uo(X))’

xe€,

where h(x) = (—gx* + 322 + 3) <1y + X g x>13-



Key Observations

Let (7, Y) € Ap with J(7,Y) < co. Let {tj: j € N} be a sequence such
that lim;_ t; = 0o and

A7, Y) = lim 1]E[ /OfCO(X(s))ds+Z/{Tkgtj}cl(X(Tk),X(Tk))]

j—oo t;
/ S k=1

= fim ([t nas(@9+ [ @lnaagay < az)

j—o0 JE

= lim (/.(AUn(x)JrCo(x))uo(dx)
+ [ (BUr2) + s ) sl x ) ). v e

where g1, = po as j — 00.



Key Observations (cont'd)

Because Uy satisfies
AUp + co(x) — Hs = 0 and BUs(y, 2) + Gi(y, 2) > 0,

we can show by weak convergence that

lim inf lim inf/ (BUn(y, 2) + G (%, 2)) v1,(dy x dz) > 0,

n—oo  j—oo o

and

(AUo(x) + co(x)) po(dx)

n—oo

Iiminf/(AU (x) + co(x)) po(dx) >
&

é§w\

v



Optimality

7, Y)

= “nm—>iorlfj|_i>To </$(AUH(X) + co(x)) fi0,¢;(dx)
fA@Em4+aumwﬂwaﬂ

> liminflim inf/(AU,,(x) + co(x)) io,¢;(dx)

n—oo  j—oo i

+ Iiminfli_minf/(§l7,,(y,z)+?1(y,z)) v1,4(dy x dz)

n—oo  j—moo 7

> Iirlinf/(AUn(x) + co(x)) po(dx)
n—oo E

+ Iiminfliminf/

n—oo  j—oo R

(BUn(y, 2) + @y, 2)) v1,5(dy x dz)
> H.



Optimality of the (s, S)-Policy

Theorem 4

(a) Let(7,Y) € Ag. Then
7, Y) > Hp.

(b) Moreover, the (s, S)-policy with s = y§ and S = z; is an
optimal impulse policy.



Example: Logistic Storage Model

» Inventory level (in the absence of control)
dXo(t) = —pXo(t)(1 — Xo(t)) dt + o Xo(t)(1 — Xo(t)) dW2),

» For each (y,z) € R, Q(-;y,z) is the ‘z-shifted uniform
distributions’ on the interval [(1 — (z/k))y + (z/k)z, 2] for
some j € N.

> Assume

co(x) = ko(x — %)% and c1(y,2) = ki + ka(z— y),

for some ko, k1, ko > 0 and x € (0,1).



Numerical Results

Model 1: o =0 and Q(;y,2) = 01 (-);

Model 2: o = 15 and Q(+;y,2) = 64(");
Model 3: 0 = 7 and Q(+;y, z) = the zshifted uniform distribution;
Mean Mean
Model From To Supply Cost Cycle Length
Model 1 0.40567 | 0.59433 | 0.188661 | 0.938043 15.2759
Model 2 || 0.381724 | 0.56993 | 0.188206 | 1.00067 15.2779
Model 3 || 0.384973 | 0.6575 | 0.138321 | 1.33092 11.2843

Table 1: Comparison of Three Logisitic Inventory Models.



Optimal Harvesting Problem with Mean Field Interactions

» The growth of the forest:
dXo(t) = p(Xo(t))dt+ o(Xo(t))dW(t), Xo(0) € (0,00).

> A particular forest owner's harvesting policy:
Q:={(7«, Yk),k=1,2,...}. The resulting controlled forest:

[e.o]

X(6) = XO)+ [ p(x()ds+ [ oAM=l e

k=1

where Y 1= X(7—) — X(74) > 0.



» The other agents in the market adopt the harvesting strategy
R:= {(ok, Zk), k=1,2,...} and the resulting average supply
of log is

= lim IE

t—oo t

Z l{0k<f} Gk—) - X(Gk)) :

» Given K > 0 and a payoff function v : R x (0,00) — Ry, the
expected reward for the forest owner is

.1
J(Q,R) := I|tnl>(|)r<\)f ?EX

)

D <y (VX(7), X(7i=), 55) = K)
1

where R := {(w, y) € (0,00) x (0,00) : w < y}.



Equilibrium

To find an admissible harvesting policy @* so that

J(Q, Q") < (@, Q"), VQ admissible.



Assume

>

Both the speed measure M and the scale function S of the
process Xp are absolutely continuous with respect to the
Lebesgue measure.

The left boundary 0 is a non-attracting point and the right
boundary oo is a natural point. Moreover, M[0, c0) < co.
The drift function p is continuously differentiable. Moreover,
there exists a y; > 0 so that u is strictly increasing on (0, y1]
and strictly decreasing on [y;, 00).

The scale density s satisfies limy_, o s(x) = 0.

v(w, y, z) = p(z)(y — w) for a decreasing and strictly positive
function .



Theorem 5

An equilibrium harvesting strategy Q* exists. Moreover, Q* is of
(s, S)-type, which can be found by the fixed point of the mapping
®: R — R defined by ®(w, y) := go {w,y), where

Yy w z) := arg max @y =w) K
T = e T TR ) ew

and

£(x) = / " M0, AS(v).



Thank youl!
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